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The proper time formalism for a particle propagator in an external electromagnetic field is combined with
the path-dependent formulation of the gauge theory to simplify the quasiclassical propagator. The latter is
achieved due to a specific choice of the gauge corresponding to the use of the classical path in the path-dependent
formulation of the gauge theory, which leads to the cancellation of the interaction part of the action in the
Feynman path integral. A simple expression for the quasiclassical propagator is obtained in all cases of the
external field when the classical equation of motion in this field is integrable. As an example, new simple
expressions for the propagators are derived for a spinless charged particle interacting with the following fields:
an arbitrary constant and uniform electromagnetic field, an arbitrary plane wave and, finally, an arbitrary plane
wave combined with an arbitrary constant and uniform electromagnetic field. In all these cases the quasiclassical
propagator coincides with the exact result.
PACS numbers: 03.65.Pm, 03.65.Db, 03.65.Sq
I. INTRODUCTION
For those potentials which vary much more slowly than the
corresponding wave function in position, the wave function
given within the Wentzel-Kramers-Brilluin (WKB) approxi-
mation becomes legitimate [1]. In a sense, we are in the
quasiclassical regime when the de Broglie wavelength of the
particle varies slightly over the distance that characterizes the
problem [2]. In fact, if the Lagrangian of a point particle is a
quadratic function of the coordinate and the velocity, then the
corresponding exact propagator coincides with the quasiclassi-
cal propagator, i.e., the classical path dominates the Feynman
path integral [3–6]. It is interesting that the exact Volkov prop-
agator, the propagator of a charged particle interacting with a
plane electromagnetic wave, is also given by its quasiclassical
limit [7–11], though the Lagrangian is not quadratic. Further-
more, there are many cases where the quasiclassical propaga-
tor is a good approximation. In this paper, we show that the ex-
pression of the quasiclassical propagator can be significantly
simplified when employing the path dependent formulation of
the vector potential within the proper time formalism for cal-
culation of propagators.
The path-dependent formulation of the gauge theory is de-
veloped by DeWitt and Mandelstam in order to discuss quan-
tum theory without electromagnetic potentials [12, 13]. This
formalism emerges from the nonintegrable phase factor which
describes the complete electromagnetism as shown by Wu and
Yang [14, 15]. In this equivalent formulation of the gauge the-
ory the vector potentials are defined via a path-integral over
electromagnetic fields such that each path corresponds to a
certain gauge function [15–17], i.e., the gauge is determined
by the choice of the path in the corresponding integral, rather
than by the gauge function as in the common gauge theory.
The formalism further provides a geometric picture for the
gauge transformation, expressing the gauge function via the
electromagnetic flux.
The propagator of a particle in an electromagnetic field can
be calculated via the Feynman path integral [3, 4], where the
propagator is expressed in terms of the action. When addition-
ally the path-dependent formulation of the gauge representa-
tion is used, the interaction part of the action of the Feynman
path integral can be expressed in terms of the electromagnetic
flux through the area between the arbitrary Feynman path and
the gauge path which generates the associated path-dependent
vector potential [15]. The significant simplification of the qua-
siclassical propagator expression comes when one specifies
the gauge path to coincide with the classical trajectory. In
fact, as we will show here, the above mentioned flux vanishes
in this case and, consequently, the interaction part of the ac-
tion vanishes in the Feynman path integral.
The straightforward calculation of the relativistic propa-
gator via the Feynman path integral is cumbersome due to
the presence of the particle’s infinitesimal proper time [3–6].
However, one can overcome this difficulty via introducing a
fifth parameter to the theory which is known as the proper
time formalism [18–24]. In this method one defines an effec-
tive Lagrangian associated to the super-Hamiltonian H (P, X).
The latter is defined by the quantum mechanical equation: any
quantum mechanical equation can be written in the form of
H (P, X) |ψ〉 = 0, (1)
with the four-momentum operator P and four-position oper-
ator X. Then, the relativistic propagator is followed by the
standard rules of the nonrelativistic Feynman path integral for
an effective system governed by the effective Lagrangian.
In this paper, we unite two powerful methods for the cal-
culation of the propagator of a relativistic charged particle in-
teracting with an external electromagnetic field. In particular,
the path-dependent formulation of the gauge theory is incor-
porated in the proper time formalism of propagators. This
allows us to obtain simple expressions of the quasiclassical
propagators for a constant and uniform electromagnetic field,
for an arbitrary plane wave and for an arbitrary plane wave
combined with an arbitrary constant and uniform electromag-
netic field. In all these cases, the quasiclassical propagator
coincides with the exact result.
The structure of the paper is the following. In Sec. II, the
path-dependent formulation of gauge theory is presented and
its convenience for the Feynman path integral method for cal-
culation of propagators is shown. In the next section, Sec. III,
2the proper time formalism for calculation of propagators is
introduced which incorporates the path-dependent gauge for-
malism. The explicit expressions of the propagators for a
spinless charged particle interacting with a constant and uni-
form electromagnetic field, with a plane wave and with a plane
wave combined with a constant and uniform electromagnetic
field, respectively, are derived in Sec. IV. The conclusion is
given in Sec. V.
The metric convention is g = (+,−,−,−) throughout the
paper.
II. THE PATH-DEPENDENT FORMALISM OF THE
GAUGE THEORY
The Maxwell equations allow to express the electromag-
netic field strength tensor Fµν in terms of a four-vector po-
tential Aµ = (φ, A) as Fµν(x) = ∂µAν(x)− ∂νAµ(x) . The gauge
transformation
Aµ(x) → Aµ(x) + ∂µχ(x) (2)
leaves the electromagnetic field strength tensor invariant,
which is a consequence of the conservation of the electric
charge under the local symmetry transformation via Noether’s
theorem. The conservation of the electric charge follows from
the local phase invariance of the wave function such that the
Schro¨dinger equation is invariant under the transformations
Eq. (2) as long as the wave function transforms as
ψ(x) → exp
(
ieχ(x)
~c
)
ψ(x) . (3)
In fact, the gauge function χ can be identified via the path
integral
χ(x) = −
∫ x
P
Aν(y)dyν. (4)
This path-dependent phase (nonintegrable phase [14]), then,
yields a gauge invariant but path-dependent vector potential
Aµ(x) as
Aµ(x) =
∫ 1
0
Fνλ(y)∂y
ν
∂s
∂yλ
∂xµ
ds (5)
with the boundary conditions y(1, x) = x , y(0, x) = x′ ,
where the vector potential vanishes at x′. In this equivalent
formulation of the gauge theory the Schro¨dinger equation is
invariant under path transformations
Aµ(P′, x) = Aµ(P, x) + ∂µΦEM(Σ, x) , (6)
Ψ [P′, x] = exp
( ie
~c
ΦEM (Σ, x)
)
Ψ [P, x] , (7)
with the electromagnetic flux
ΦEM(Σ, x) =
∮ x
∂Σ
Aµdyµ =
1
2
∫ x
Σ
Fµνdσµν (8)
on the closed loop ∂Σ = P − P′ [15]. The electromagnetic
flux can further be identified as
ΦEM (Σ, x) =
∫ x
P
Aµ(P′, y)dyµ , (9)
which implies that the line integral of a path dependent vector
potential along a path P vanishes as long as the vector poten-
tial is evaluated via the same path P, i.e.,∫ x
P
Aµ(P, y)dyµ = 0 . (10)
The full machinery of the path-dependent formulation
of the gauge theory provides some fundamental simplifica-
tions for the path integral formulation of quantum mechanics.
Namely, let us consider the propagator in terms of the Feyn-
man path integral which is defined by
KF (x, x′; t) =
∫
D(PF) exp
( i
~
S (PF)
)
(11)
where D(PF) and S (PF) represent the sum over all paths and
the action evaluated along the path PF , respectively. The ac-
tion of interest of the present manuscript is the action of a
spinless charged particle interacting with an electromagnetic
field, which can be written as
S (PF) = −mc2
∫
PF
dτ − e
c
∫
PF
Aµ(PG, y)dyµ , (12)
with the particle’s infinitesimal proper time dτ =
√
dyµdyµ/c.
Here we should emphasize that paths appeared in the Feyn-
man path integrals PF are real paths in the sense that the tran-
sition amplitude of a particle from spacetime point x′ to x de-
pends on these paths. Nonetheless, paths used for the vector
potential PG are just gauge paths. Moreover, the action (12)
can be defined via the electromagnetic flux (9) as
S (PF) = −mc2
∫
PF
dτ − e
c
ΦEM (Σ, x), (13)
with ∂Σ = PF − PG.
The compact form of the action (13) provides us a further
simplification for the quasiclassical propagators. The quasi-
classical propagator can be defined via the classical action
S c, which is the action evaluated along the classical trajec-
tory (world line) Pc. Furthermore, using the VanVleck-Pauli-
Morette formula [25–28], it reads
KF (x, x′; t)) =
√(
1
2πi~
)3
det
(−∂2S c
∂x∂x′
)
× exp
(
− i
~
mc2
∫
Pc
dτ − i
~
e
c
ΦEM (Pc − PG, x)
)
. (14)
Now, if one specifies the classical path for the gauge path, the
flux term in the above expression vanishes and then the quasi-
classical propagator reduces to
KF (x, x′; t) =
√(
1
2πi~
)3
det
(−∂2S c
∂x∂x′
)
exp
(
− i
~
mc2
∫
Pc
dτ
)
,
(15)
3where the classical path Pc satisfies the Lorentz force law
m
∂2yµc
∂τ2
=
e
c
Fµν(yc)∂ycν
∂τ
. (16)
The latter defines the path dependent vector potential (5) as
Aµ(Pc, x) = −mc
e
∫ τ f
τi
∂2ycν
∂τ2
∂yνc
∂xµ
dτ , (17)
where the dependence on the electromagnetic fields contains
only in the definition of the classical path via Eq. (16). Fur-
thermore, in terms of the reparametrization invariant form of
the equations of motion
∂pµ
∂s
=
e
c
Fµν(yc)∂ycν
∂s
(18)
with the particle’s four momentum pµ, the vector potential for
the classical path reads
Aµ(Pc, x) = −c
e
∫ 1
0
∂pν
∂s
∂yνc
∂xµ
ds . (19)
For a nonrelativistic particle, on the other hand, the classi-
cal trajectory can be parametrized with the physical time t′.
Then, the path dependent vector potential for the nonrelativis-
tic classical path y(t′) with the boundary conditions y(0) = x′
and y(t) = x can be written as
Aµ(Pc, x) = mc
e
∫ t
0
∂2y
∂t′2
· ∂yc
∂xµ
dt′ = c
e
∫ t
0
∂p
∂t′
· ∂yc
∂xµ
dt′ , (20)
where we have used ∂t′/∂xµ = 0. This form of the vector po-
tential (20) provides great convenience for the quasiclassical
propagator for a nonrelativistic particle. Since the integral of
the corresponding potential terms in the action vanishes, i.e.,∫ t
0
dt′
(
e
c
A · y˙(t′) − eA0
)
= 0 , (21)
the quasiclassical propagator for a nonrelativistic particle in
the classical path gauge yields
KF (x, x′; t) =
√(
1
2πi~
)3
det
(−∂2S c
∂x∂x′
)
exp
(
i
~
∫ t
Pc
m y˙c2
2
dt′
)
.
(22)
In fact, this result can also be obtained directly via approxi-
mating the particle’s infinitesimal proper time with the usual
nonrelativistic kinetic term of the Lagrangian in Eq. (15).
In summary, since the equations of motion are gauge in-
variant, they are first found in any convenient gauge, then the
propagator for a nonrelativistic particle as well as for a rel-
ativistic particle can be calculated in the corresponding clas-
sical path gauge via Eq. (22) and Eq.(15), respectively. The
compact form of the quasiclassical propagator can be applied
any type of potential, when the classical equations of motion
are known.
III. THE PROPER TIME FORMALISM AND THE
FEYNMAN KERNEL VIA THE PATH DEPENDENT
VECTOR POTENTIAL
The calculation of the relativistic propagator is, in gen-
eral, tedious due to the presence of the particle’s infinitesi-
mal proper time. Nevertheless, this can be overcome via the
proper time (eigentime, fifth parameter or einbein) formalism
[18–24].
The proper time formalism is based on the fact that any
quantum mechanical equation can be written in the form of
H (P, X) |ψ〉 = 0 , (23)
with a certain operator H(P, X), so called super-Hamiltonian.
For instance, in the case of Klein-Gordon equation the super-
Hamiltonian is
H =
(
P − e
c
A(PG, X)
)2
− m2c2 . (24)
The four-momentum operator Pµ and the four-position opera-
tor Xµ in Eq. (23) satisfy the eigenvalue equations
Pµ|p〉 = pµ|p〉, (25)
Xµ|x〉 = xµ|x〉, (26)
respectively, with pµ = (E/c, p) and xµ = (c t, x). Fur-
ther, the assumption of the canonical commutation relation
[Xµ, Pν] = i ~ gµν implies the relations 〈x|Pµ|ψ〉 = i~∂µψ(x),
〈x|Xµ|ψ〉 = xµψ(x),
〈x|p〉 = 1(2π~)2 exp
[
− ix · p
~
]
, (27)
〈x|x′〉 = δ4(x − x′) =
∫ d4 p
(2π~)4 exp
[
− ip · (x − x
′)
~
]
. (28)
In position space, the fundamental equation (23) yields
〈x|H (P, X) |ψ〉 = H (i~ ∂, x) ψ(x) = 0 . (29)
Then, the corresponding Green’s function satisfies
H (i~ ∂, x) G(x, x′) = δ4(x − x′) . (30)
Hence, the Green’s function can be identified as
G(x, x′) = H−1 (i~ ∂, x) δ4(x − x′) (31)
which can further read
G(x, x′) = 〈x|H−1 (P, X) |x′〉 = 〈x| 1H (P, X) + iǫ |x
′〉 (32)
with the Feynman iǫ prescription. Furthermore, Eq. (32) may
also be defined as
G(x, x′) = − i
~
α
∫ ∞
0
dτ 〈x| exp
[ i
~
H (P, X)α τ
]
|x′〉e−ǫτ (33)
with an auxiliary field α (einbein field). Here the parameter
α is introduced in order to fix the right classical equations of
4motion of the corresponding super-Hamiltonian H(P, X) [23,
24].
Let us define the integrand in Eq. (33) as a Feynman Kernel
KF (x, x′; τ) = 〈x| exp
[ i
~
H (P, X)α τ
]
|x′〉, (34)
with the effective Hamiltonian αH in the space of τ, which
determines the propagator
G(x, x′) = − i
~
α
∫ ∞
0
dτKF (x, x′; τ)e−ǫτ . (35)
The Feynman Kernel in terms of the path integration reads
KF (x, x′; τ) =
∫
D(PF) exp
(
− i
~
S (PF)
)
, (36)
with the action S (PF), which is derived introducing an effec-
tive Lagrangian via common Legendre transformation
L = p · x˙ − αH (37)
with pµ = ∂L/∂x˙µ. Then,
KF (x, x′; τ) =
∫
D[y] exp
(
− i
~
∫ τ
0
dσL(y, y˙)
)
, (38)
where the parametrized path y(σ) satisfies the boundary con-
ditions yµ(0) = x′µ, y(τ) = xµ.
In the present manuscript, we restrict ourselves to spinless
charged particles, although the results can be easily gener-
alized to the Fermionic particles. Then using Eq. (37) for
Eq. (24), the corresponding effective Lagrangian is found
L = 1
4α
y˙2 +
e
c
y˙A(PG, y) + αm2c2 . (39)
The Euler-Lagrange equation of the effective Lagrangian pro-
vides the effective equation of motion
1
2α
y¨(σ)cµ = e
c
Fµν(yc)y˙(σ)cν (40)
which coincides with the classical equation of motion in the
given external electromagnetic field for α = 1/(2m) as long as
the path is parametrized with the particle’s proper time τ, see
[29]. In the quasiclassical approximation and using the gauge
determined by the classical path, see Eq. (15), the Feynman
Kernel yields
KF (x, x′) =
√(
1
2πi~
)4
det
(
∂2S c
∂xµ∂x′ν
)
× exp
(
− i
~
m2c2ατ − i
~
∫ τ
0
dσ
y˙2c
4α
)
. (41)
The Green function is, then, obtained via Eq. (35).
The equation (41) is the main result of the paper, which
shows how to derive the fundamental Feynman Kernel for the
quasiclassical Green’s function in a simple way when the clas-
sical equation of motion Eq. (40) is integrable in the given
field.
IV. EXAMPLES
In this section we will apply the developed formalism to
some important cases where the quasiclassical propagator co-
incides with the exact propagator.
A. Constant and uniform electromagnetic field case
Let us first consider a spinless charged particle interacting
with a constant and uniform electromagnetic field Fµν. Since
the Lagrangian of a constant and uniform electromagnetic
field (39) is a quadratic function of y and y˙, the quasiclassi-
cal formula gives the exact result.
The effective equation of motion Eq. (40) in the constant
and uniform electromagnetic field is solved providing the clas-
sical path
y(σ)cµ =
(
eλFσ − 1
eλFτ − 1
)µ
ν
(x − x′)ν + x′µ (42)
with λ = 2αe/c, and corresponding to the boundary conditions
y(0)cµ = x′µ, y(τ)cµ = xµ. Here it should be understood that
(
eλFσ − 1
eλFτ − 1
)µ
ν
=
σ
τ
gµν +
λ
(
σ2 − στ
)
2τ
Fµν + · · · (43)
As a result, in the classical path gauge the Feynman Kernel
of Eq. (41) reads
KF (x, x′; τ) =
√
det
[
− λ2F2τ8α sinh−2( λFτ2 )
]
(2πi~)4 exp
(
− i
4α~
(x − x′)
(
λ2F2τ
4
sinh−2(λFτ
2
)
)
(x − x′) − im
2c2ατ
~
)
. (44)
The Kernel in an arbitrary gauge, then, is given by the trans-
formation
KF (x, x′; τ) → exp
(
− ie
~c
ΦEM (x)
)
KF (x, x′; τ) exp
( ie
~c
ΦEM (x′)
)
(45)
where the electromagnetic flux ΦEM is calculated for the area
bounded by the loop ∂Σ = Pc − PG with desired gauge PG.
Equivalently, the Kernel in an arbitrary gauge can also be
found using the corresponding gauge function χ, taking into
5account that the vector potential in the classical path gauge is
Aµ(Pc, x) = −1
λ
∫ τ
0
dσ ∂
2ycν
∂σ2
∂ycν
∂xµ
(46)
where we have used Eq. (40) in Eq. (5).
The constant and uniform crossed field with equal ampli-
tude
E = E0 xˆ , B = E0 yˆ , (47)
is an important particular case of the considered field, corre-
sponding to the asymptotic of the laser field at large field pa-
rameters a0 ≡ eA/mc2 ≫ 1. Since the third power of the field
tensor vanishes for the above field, the Feynman Kernel in the
classical path gauge yields
KF (x, x′; τ)FS = 1(4π~ατ)2
× exp
(
− i
~
(x − x′)2
4ατ
+
iλ2τ
48 ~α (x − x
′)F2(x − x′) − im
2c2ατ
~
)
(48)
which corresponds to the vector potential in the classical path
gauge
Aµ(Pc, x) = −12
(
F +
λτ
3 F
2
)
µν
(x − x′)ν . (49)
For comparison, in the Fock-Schwinger gauge, the vector
potential
Aµ(PFS , x) = −12 Fµν(x − x
′)ν (50)
is obtained via the gauge function
χ =
λτ
12
(x − x′)µF2µν(x − x′)ν . (51)
In terms of the gauge paths, the above gauge function corre-
sponds to the flux through the area bounded by the classical
path (42) and the Fock-Schwinger path which is a straight line
PFS : yµ(σ) = σxµ + (1 − σ)x′µ (52)
with the boundary conditions yµ(1) = xµ, yµ(0) = x′µ.
B. Plane wave case: Volkov Propagator
Another case where the quasiclassical approximation yields
the exact result is the interaction of a charged particle with a
plane electromagnetic wave [7–11]. The corresponding prop-
agator for this case is called Volkov propagator. The field
strength tensor Fµν of a plane wave can be written as
Fµν(φ) = ǫµν f ′(φ) (53)
where the phase of the wave is defined as φ = kx and the
antisymmetric tensor is ǫµν = kµǫν − kνǫµ with the propagation
and polarization directions kµ and ǫµ, respectively.
The classical trajectory Pc via Eq. (40) for a plane wave
reads:
kyc(σ) = σ
τ
k(x − x′) + kx′ , (54)
ǫyc(σ) = σ
τ
ǫ(x − x′) + ǫx′ + λ
τ
(τg1(σ) − σg1(τ)) , (55)
ǫyc(σ) = σ
τ
ǫ(x − x′) + ǫx′ , (56)
kyc(σ) = λ (τg1(σ) − σg1(τ))k(x − x′)τ
(
ǫ(x − x′) − λ g1(τ))
+
λ2
2 k(x − x′) (τg2(σ) − σg2(τ)) +
σ
τ
k(x − x′) + kx′ , (57)
where gn(σ) =
∫ σ
0
f (kyc)ndσ′ and the basis kµ, ǫµ, ǫµ, kµ is
introduced such that they satisfy k2 = k2 = ǫk = ǫk = ǫk =
ǫk = ǫǫ = 0, ǫ2 = ǫ2 = −1, and kk = 1.
Furthermore, the classical action in the classical path gauge
can be written in terms of the new basis as
S c = m2c2ατ +
∫ τ
0
dσ 1
4α
(
2ky˙c ky˙c − ǫy˙2c − ǫ y˙2c
)
. (58)
Consequently, the Feynman Kernel in the classical path
gauge yields
KF (x, x′; τ) = 1(4π~ατ)2 exp
− i
~
(x − x′)2
4ατ
− im
2c2ατ
~
− iλ
2
4~ατ
(∫ τ
0
dσ f (kyc)
)2
+
iλ2
4~α
∫ τ
0
dσ f (kyc)2
 . (59)
The result is more compact due to the absence of the interac-
tion term, see for instance Eq. (31) of [10]. For a constant
and uniform plane wave one naturally covers Eq. (48) and in
the absence of the field one obtains the relativistic propagator
for a free particle, see Eq. (19.28) of [6]. Furthermore, the
Volkov propagator can be written in an arbitrary gauge via the
6transformation (45).
C. Plane wave combined with a constant and uniform
electromagnetic field case
In the last example we will obtain the relativistic propagator
for a charged particle interacting with an arbitrary plane wave
combined with a constant and uniform electromagnetic field.
The associated field strength tensor can be written as
Fµν(φ) = F0µν + f µν(φ) (60)
where F0µν and f µν(φ) are the field strength tensors of the con-
stant and uniform electromagnetic field and the plane wave
(53), respectively.
Before calculating the classical action, note that since the
action is a Lorentz scalar, one can calculate it in an arbitrary
frame of reference. In fact, in an arbitrary reference frame,
there are two fundamental Lorentz invariants which have to
be satisfied by any field strength tensor
FµνFµν = 2 (B2 − E2) , (61)
GµνFµν = −4 E · B (62)
with the dual of the field strength tensor Gµν = ǫµναβFαβ/2.
Hence, for the constant and uniform electromagnetic field
there exists such a reference frame that the magnetic field and
the electric field can be parallel to each other. Furthermore,
the direction of the parallel magnetic and electric fields can be
chosen along the propagation direction of the plane wave [30].
As a consequence, the field strength tensor of the constant and
uniform electromagnetic field F0µν can be written as
F0µν = E0 (kµkν − kνkµ) − iB0 (ǫµ+ǫν− − ǫν+ǫµ−) , (63)
where E0 and B0 are the electric field and the magnetic field in
aforementioned frame, respectively, and the new basis ǫ±µ =
1√
2
(ǫ ± iǫ)µ satisfy ǫ+ǫ− = −1, ǫ2± = 0. Moreover, one can
recover the field strength tensor as
E0 =
1
2
√√
I21 + I
2
2 − I1 , (64)
B0 = −12
√√
I21 + I
2
2 + I1 (65)
with I1 = F0µνF0µν and I2 = G0µνF0µν.
Then in the frame of reference where the electric field and
the magnetic field of Fµν0 and the propagation direction off µν(φ) are all parallel to each other, the equations of motion
are governed by
ky¨c(σ) = −λE0 ky˙c(σ) , (66)
ky¨c(σ) = λE0 ky˙c(σ) + λǫy˙c
˙f
ky˙c
, (67)
ǫ+y¨c(σ) = −iλB0 ǫ+y˙c(σ) + λ
˙f√
2
, (68)
ǫ−y¨c(σ) = iλB0 ǫ−y˙c(σ) + λ
˙f√
2
. (69)
As a consequence, the Feynman Kernel becomes
KF (x, x′) =
√(
1
2πi~
)4
det
(
∂2S c
∂xµ∂x′ν
)
exp
(
− i
~
S c
)
, (70a)
where the classical action is
S c = m2c2ατ +
∫ τ
0
dσ 1
2α
(
ky˙c ky˙c − ǫ+y˙c ǫ−y˙c
)
(70b)
with the following solutions of the equations of motion
kyc(σ) = e
−λE0σ − 1
e−λE0τ − 1 k(x − x
′) + kx′ , (70c)
ǫ+yc(σ) = e
−iλB0σ − 1
e−iλB0τ − 1
[
ǫ+(x − x′) − i√
2B0
(
eiλB0(σ−τ) − 1
1 − eiλB0σ
∫ σ
0
(1 − eiλB0ρ) ˙f dρ +
∫ σ
τ
(1 − eiλB0(ρ−τ)) ˙f dρ
)]
+ ǫ+x
′ , (70d)
ǫ−yc(σ) = e
iλB0σ − 1
eiλB0τ − 1
[
ǫ−(x − x′) + i√
2B0
(
e−iλB0(σ−τ) − 1
1 − e−iλB0σ
∫ σ
0
(1 − e−iλB0ρ) ˙f dρ +
∫ σ
τ
(1 − e−iλB0(ρ−τ)) ˙f dρ
)]
+ ǫ−x′ , (70e)
kyc(σ) = e
λE0σ − 1
eλE0τ − 1
[
k(x − x′) − 1
E0
(
eλE0τ − eλE0σ
eλE0σ − 1
∫ σ
0
(1 − e−λE0 ρ) ǫy˙c
˙f
ky˙c
dρ +
∫ σ
τ
(1 − e−λE0(ρ−τ)) ǫy˙c
˙f
ky˙c
dρ
)]
+ kx′ . (70f)
Although the closed expression for the Feynman Kernel is
very cumbersome and is not shown here, it is derived by
straightforward calculation when the plane wave function
f ′(φ) and the components of the field strength tensor of the
constant and uniform electromagnetic field F0µν are known.
Moreover, the form of the Feynman Kernel given by Eq. (70)
provides considerable convenience to the numerical calcula-
tions. Simpler expressions for the propagator can be obtained
in a limit E0 → 0 (B0 → 0), corresponding to a plane wave
combined with a constant and uniform magnetic (electric)
field along the propagation direction of the plane wave.
7V. CONCLUSION
We have applied the path-dependent formulation of the
gauge theory within the Feynman path integral formalism of
quantum mechanics for a Klein-Gordon particle in an external
electromagnetic field. The applied formalism points to a spe-
cific gauge when a significant simplification of the expression
of quasiclassical propagators is obtained. The simplification
is due to the fact that the interaction part of the classical action
vanishes in this gauge. In the path-dependent formulation the
optimal gauge corresponds to choice of the classical path in
the definition of the vector potential.
Specifically, we have calculated the quasiclassical propaga-
tors of a scalar charged particle interacting with an arbitrary
constant and uniform electromagnetic field, an arbitrary plane
wave and, finally, an arbitrary plane wave combined with an ar-
bitrary constant and uniform electromagnetic field. It is shown
that in the classical path gauge the expressions for the quasi-
classical propagators, which yield the exact result for above
configurations, are more compact.
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